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We consider a model-based approach for the anticontrol of some continuous time systems. We
assume the existence of a chaotic model in an appropriate form. By using a suitable input, we
match the dynamics of the controlled system and the chaotic model. We show that controllable
systems can be chaotified with the proposed method. We give a procedure to generate such
chaotic models. We also apply an observer-based synchronization scheme to compute the required
input.
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1. Introduction
Recently there has been an increasing interest be-
tween scientists from various disciplines on the
analysis and control of chaotic behavior in dynam-
ical systems. The literature is quite rich on the
subject; an interested reader may consult various
survey papers such as [Fradkov & Evans, 2002;
Boccaletti et al., 2000; Gadre & Varma, 1997; Chen
& Moiola, 1994], to research monographs such as
[Kapitaniak, 2000; Chen & Dong, 1998; Fradkov
& Pogromsky, 1998], and to a bibliography [Chen,
1996].
The development in the field of chaos control
was motivated mainly by the seminal paper [Ott
et al., 1990], where the term “controlling chaos”
was introduced. This work had a strong influence,
especially, on the approach of the physics commu-
nity to the problem of chaos control and is based on
variation of certain parameters which affects chaotic
behavior. As opposed to this parametric viewpoint
approach, classical approach of engineering, and es-
pecially systems and control community to the same
problem is based on output and state feedback tech-
niques. We utilize this latter approach in the present
work.
Similar to classical control problems, various
objectives could be defined for the control of chaotic
systems. One may investigate the targeting chaotic
trajectories to the fixed points, [Shinbrot et al.,
1990], or investigate the stabilization of unstable
periodic orbits, [Ott et al., 1990], where the main
goal is the suppression of chaotic behavior. Another
approach would be the opposite, i.e. to retain the
chaotic behavior, or even force a regular behavior
into a chaotic one, see e.g. [Chen & Lai, 1996]. This
problem is known as “anticontrol”, [Schiff et al.,
1994], and received considerable interest due to its
potential applications in diverse fields, [Brandt &
Chen, 1997; Ditto, 1996; Goldberger, 1994; Yang
et al., 1995]. Various feedback schemes, mostly for
discrete-time systems are available in the literature
for the anticontrol of such systems, see e.g. [Chen &
Lai, 1996, 1998]. In these works, discrete-time sys-
tems were considered and the main aim is to change
the Lyapunov exponents of the closed-loop sequence
by means of a uniformly bounded input sequence.
In this work, we will consider a model-based
approach to the anticontrol of some continuous-
time systems. We assume the existence of a chaotic
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the dynamics of the system to be controlled with
that of the model chaotic system by means of an
appropriate control input. We prove that: (i) any
controllable linear time-invariant system can be
chaotized with an appropriate input, (ii) this ap-
proach could be generalized to a class of nonlinear
systems. Since our approach relies on the existence
of chaotic models in an appropriate form, the ques-
tion of the existence of such models in arbitrary
dimension should be addressed. We propose a sim-
ple procedure to generate such chaotic models in
arbitrary dimension. Another question we consider
is the computability of the required feedback law
by using only the available signals. To estimate the
states of the system to be controlled, we propose
an observer-based synchronization scheme. Under
some mild conditions, exponentially fast synchro-
nization may be achieved, and one can use the
estimated states to compute the feedback law. We
also comment on the robustness of the proposed
scheme.
This paper is organized as follows. In the next
section we define the problems considered in this
paper and present some developments which will
be used in the sequel. In the third section, we pro-
pose an anticontrol scheme for linear systems, and
then generalize it to a class of nonlinear systems. In
the following section we propose an observer-based
synchronization scheme to estimate the states of the
system to be controlled. In the fifth section, we pro-
pose a simple way to generate the model chaotic
systems for arbitrary dimension. In the following
section we present some simulation results. Finally
we give some concluding remarks.
2. Problem Statement
We will first consider the linear systems. Consider
the system given below:
ẋ = Ax + Bu , y = Cx , (1)
where x ∈ Rn, A ∈ Rn×n is a constant matrix,
B,CT ∈ Rn are constant vectors, here superscript
T denotes transpose, u is the (scalar) control input
and y is the (scalar) output, which is assumed to be
measurable. For this system, we pose the following
problems:
Problem 1. Find a feedback law u = g(x), where
g : Rn → R is an appropriate function, such that
the resulting closed-loop system exhibits chaotic
behavior.
Problem 2. Assume that the feedback law u =
g(x), which solves Problem 1, cannot be computed
by using the output y alone. Find an approximate
control law u(t) = û(t), which can be computed
by using output, such that ‖û(t) − g(x(t))‖ → 0 as
t → ∞; here x(t) is the solution of (1), and ‖ · ‖
denotes any norm in Rn.
A solution to Problem 1 will be provided in
the next section. Later we will present an observer-
based scheme for Problem 2. In this approach, the
output y will be used as a synchronization sig-
nal, and an observer-based synchronization scheme
will be used to estimate the states x of (1), see
e.g. [Morgül & Solak, 1996, 1997]. These estimates
then will be used to obtain an approximation of the
control law u = g(x).
To simplify the analysis, we will first transform
the system given by (1) into an appropriate canon-
ical form. Let us define the following matrix:
Qc = (A
n−1B An−2B · · · AB B) . (2)
It is well known that the system given by (1) is con-
trollable (i.e. any state x0 ∈ R
n can be steered to
any state x1 ∈ R
n with an appropriate control in-
put u) if and only if rank(Qc) = n, see e.g. [Kailath,
1980]. We will assume that this condition holds,
hence Qc is assumed to be invertible.
Let p(λ) be the characteristic polynomial of A
given by (1), as follows:
p(λ) = det(λI − A)
= λn + α1λ
n−1 + · · · + αn−1λ + αn . (3)
Now, let us define the vectors u1 = (1 α1 · · ·αn−1)
T ,
u2 = (0 1 α1 · · ·αn−2)
T , . . . , un = (0 0 · · · 1)
T ,
and define the matrices U = (u1u2 · · · un), R =
(QcU)
−1. By using the coordinate transformation
z = Rx, (1) can be transformed into the following
form:
ż = Âz + B̂u , y = Ĉz , (4)
where z = (z1z2 · · · zn)
T , Â = RAR−1, B̂ = RB,
Ĉ = CR−1. After straightforward calculations and
by using Cayley–Hamilton theorem (i.e. p(A) = 0,
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3. An Anti-Control Scheme
We assume the existence of a chaotic system which





ẇn = f(w1, w2, . . . , wn)
(6)
where f : Rn → R is an appropriate function. For
n = 3 there are many chaotic systems proposed in
the literature which has the form given above, see
e.g. [Morgül & Solak, 1996, 1997]. In fact, many
chaotic electronic oscillators proposed in the litera-
ture, including the well-known Chua’s oscillator, are
either in this form, or could be transformed into this
form. In Sec. 5, we will present a simple scheme to
generate chaotic systems of this form for n > 3.
Our anti-control scheme is based on matching
the system given by (4) with the model chaotic sys-
tem given by (6) by using an appropriate control
input u. Note that (6) could be rewritten as
ẇ = Âw + B̂h(w) , (7)
where w = (w1w2 · · · wn)
T , and
h(w) = f(w) + α1wn + α2wn−1 + · · · + αnw1 . (8)
Hence, by choosing u as:
u = h(z) = f(z) + α1zn
+ α2zn−1 + · · · + αnz1 , (9)
we can transform (4) into the chaotic system given
by (6).
The approach given above can also be applied
to a class of nonlinear systems. Let us assume that
the system to be controlled is given as
ẋ = A(x) + B(x)u , y = C(x) , (10)
where A,B : Rn → Rn and C : Rn → R are
appropriate functions, u and y are control input and
measurement outputs, which are scalars.
We assume that there exists a coordinate
change z = T (x), where T : Rn → Rn is an ap-
propriate function, which transforms (10) into the
following form
ż = Âz + B̂(γ(z) + β(z)u) , y = Ĉ(z) , (11)
where Â, B̂ are as given in (5), αi, i = 1, . . . , n
are appropriate constants, and γ, β, Ĉ : Rn →
R are appropriate functions. For the existence
and construction of such a transformation, see
e.g. [Vidyasagar, 1993; Isidori, 1995]. We note that
the terms multiplying αi in (11) could be included
in γ(z).





where h(·) is given by (8), we can match the dynam-
ics of (11) with that of the model chaotic system
given by (7), provided that β(z) 6= 0. This require-
ment is natural, since otherwise the control input u
has no effect on the system dynamics, see (11).
The approach given above could be extended
to second order systems as well. In such a case our
model chaotic systems will be a forced chaotic os-
cillator, e.g. forced Duffing equation, which has the
following form
ẇ1 = w2
ẇ2 = f(w1, w2) + r(t)
(13)
where r(t) is a special (scalar) forcing term to guar-
antee chaotic behavior. In this case, the control
laws given by (9) and (12) should be replaced by
u = h(z) + r(t), and u = (h(z) + r(t) − γ(z)/β(z),
respectively.
The results presented in this section can be
summarized as follows
(i) Any controllable linear (single input, n ≥ 2)
system can be chaotized with an appropriate
control law.
(ii) Any nonlinear (single input, n ≥ 2) system
which could be transformed into the form (11)
can be chaotized with an appropriate control











































































December 3, 2003 9:21 00867
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4. Observer-Based Implementation
To implement the control laws (9) or (12), the state
vector z should be available. In most of the cases,
the available output signal y has lower dimension,
which is a scalar in our case, and is not sufficient
to compute the necessary control input u. In such
cases, an approximation of u might be appropriate.
To elaborate further, let us consider the linear
system given by (4). To compute the control input
given by u, if z is not available, a natural choice
would be to use an estimate of z. This could be done
by using an observer-based synchronization scheme,
see e.g. [Morgül & Solak, 1996, 1997]. Let us con-
sider the following observer-based synchronization
scheme for the system given by (4)
˙̂z = Âẑ + B̂u + K(y − ŷ) , ŷ = Ĉẑ , (14)
where ẑ ∈ Rn, K ∈ Rn is a gain vector to be deter-
mined. Let us define the error in synchronization as
e = z − ẑ. By using (4) and (14) we obtain
ė = (Â − KĈ)e . (15)
Hence, if Ac = Â − KĈ is a stable matrix, then we
have ‖e(t)‖ → 0 as t → ∞; moreover this decay is
exponential. Existence of such a vector K is guaran-
teed if the system given by (4) is observable. More




















It is well-known that if rank(Qo) = n, then there
exists a K such that the matrix Ac is stable, hence
the solutions of (15) satisfy:
‖e(t)‖ ≤ Me−δt‖e(0)‖ , (17)
for some M > 0, δ > 0; moreover the decay rate δ
can be adjusted arbitrarily, see e.g. [Kailath, 1980;
Morgül & Solak, 1997]. Also note that this ob-
servability condition is sufficient in many observer-
based synchronization schemes, see [Morgül, 1999a].
Based on the estimate ẑ of z, a natural approxima-
tion of u given by (9) is u = h(ẑ). To see the effect
of this approximation, assume that h : Rn → R is a
Lipschitz function, i.e. the following holds for some
l > 0
‖h(z) − h(ẑ)‖ ≤ l‖z − ẑ‖ . (18)
Now, assume that we use u = h(ẑ) in (4). Then, the
latter becomes
ż = Âz + B̂h(ẑ) = Âz + B̂h(z) + ec(t) , (19)
where ec(t) is an error term which satisfies
‖ec(t)‖ = ‖B̂(h(ẑ) − h(z))‖ ≤ lMe
−δt‖e(0)‖ , (20)
see (17) and (18). We note that the basic idea
presented above is similar to the observer-based
control of chaos presented in [Solak et al., 2001].
Since the error term decays to zero exponentially
fast, we expect that the behavior of (19) and (7) be
qualitatively similar, provided that the chaotic be-
havior of (7) is structurally stable. If the chaotic
solution of (7) is globally attractive, then since
ec(t) decays to zero exponentially fast, the solu-
tions of (19) will eventually converge to the chaotic
solutions of (7). If the chaotic solutions of (7) are
only locally attractive, let us assume that for some
ε > 0, the behaviors of (19) and (7) are qualitatively
similar, provided that ‖ec(t)‖ ≤ ε. We will call
this assumption as the structural stability assump-
tion, see e.g. [Fradkov & Pogromsky, 1998]. From
(20) it easily follows that this condition is satisfied
for ‖e(0)‖ ≤ ε/lM . Hence, if initial error is suffi-
ciently small, then the behaviors of (19) and (7) are
qualitatively similar under the structural stability
assumption given above. On the other hand, assume
that ‖e(0)‖ ≤ R for some R > 0. From (20) it fol-
lows that ‖ec(t)‖ ≤ ε for t ≥ T = 1/δ ln(lMR/ε).




0 t < T
h(ẑ) t ≥ T
(21)
For the system given by (11), the observer-based
control law given above may be applied, provided
that
(i) ŷ = Ĉẑ, where Ĉ = (1 0 · · · 0)T .
(ii) β(z), γ(z) and (h(z) − γ(z))/β(z) are Lipschitz
functions.
If these conditions are satisfied, then the related
observer-based synchronization scheme is given as
follows
˙̂z = Âẑ + B̂(γ(ẑ) + β(ẑ)u) + K(y − ŷ) ,
ŷ = Ĉẑ ,
(22)
For the existence and computation of an ap-
proximate gain vector K, see e.g. [Morgül & Solak,
1996, 1997]. The control input u can be chosen as
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Remark 1. The requirement that various functions
be Lipschitz may seem to be restrictive. Note that
any differentiable function is locally Lipschitz in any
bounded domain. Hence, if the solutions remain in
a bounded set, which is the case for chaotic systems,
then this requirement is satisfied provided that the
corresponding functions are differentiable.
Remark 2. We note that the control scheme pre-
sented in this work is robust with respect to
noise and parameter mismatch under certain condi-
tions. Such effects could be included in the system
dynamics by adding a perturbation term to the
system equations, similar to ec(t) in (19). This extra
perturbation term will be proportional to noise
and parameter mismatch magnitudes under certain
conditions. Hence this perturbation term will be
small provided that the parameter mismatch and
noise magnitudes are small. Therefore such a per-
turbation will not affect the chaotization scheme
presented above, provided that the noise and pa-
rameter mismatch magnitudes are small. We also
note that due to exponential stability, observer-
based implementation presented in this work is also
robust with respect to noise and parameter mis-
match, see e.g. [Morgül & Feki, 1997; Morgül &
Solak, 1996, 1997; Morgül et al., 2002] for detailed
analysis.
5. Model Chaotic Systems
Our control scheme is based on the existence of
model chaotic systems which has the form given
in (6). For n = 3, such chaotic systems are abun-
dant in the literature. In fact, all Lur’e type sys-
tems, which cover most of the electronic chaotic
oscillators proposed in the literature including the
well-known Chua’s oscillator, can be transformed
into this form. Some systems, which are not in this
structure (e.g. Rössler system), may be transformed
into this form, see e.g. [Morgül & Solak, 1997]. As an








This system exhibits chaotic behavior for a certain
range of parameters bi, see [Genesio & Tesi, 1992;
Morgül, 1999b].
To generate chaotic systems for n > 3 which
has the form of (6), let us consider the case n = 3,
which is repeated below for convenience
ẇ1 = w2
ẇ2 = w3
ẇ3 = f(w1, w2, w3)
(24)
By defining w = w1, and noting that w2 = ẇ,
w3 = ẅ, and by using (24), we obtain the following
scalar equation
w(3) − f(w, ẇ, ẅ) = 0 . (25)
Obviously, (25) and (24) are equivalent through the
transformation given above. Now let us consider the
following higher dimensional system
ẇ1 = w2
ẇ2 = w3
ẇ3 = f(w1, w2, w3) + w4
ẇ4 = −αw4
(26)
where α > 0 is an arbitrary constant. Note that
w4(t) = w4(0)e
−αt → 0 as t → ∞. Hence asymp-
totically, (24) and the first three equations of (26)
are the same. Therefore, if (24) has a globally at-
tractive chaotic solution, so does (26). On the other
hand, if (24) has only locally attractive chaotic
solution, which is structurally stable in the sense
given before, then so does (26), provided that
|w4(0)| is sufficiently small.
To transform the system given by (26) into the
form given by (6), first note that from the third
equation in (26) we have w4 = ẇ3 − f(w1, w2, w3).
By defining w = w1, and noting that w2 = ẇ, w3 =
ẅ, and using the last equation in (26) we obtain
d
dt
(w(3) − f(w, ẇ, ẅ)) + α(w(3) − f(w, ẇ, ẅ)) = 0 ,
(27)
which could be rewritten as
w(4) = F (w, ẇ, ẅ, w(3)) , (28)
where
F (w, ẇ, ẅ, w(3)) =
d
dt
(f(w, ẇ, ẅ)) − α(w(3)
− f(w, ẇ, ẅ)) . (29)
Naturally, here we assume that f is a differentiable
function. Obviously, (28) is equivalent to (26). By
using standard change of variables w1 = w, w2 = ẇ,
w3 = ẅ, w4 = w
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which has the form of (6) for n = 4. Obviously this
procedure can be extended to arbitrary dimension,
provided that f is sufficiently smooth.
Remark 3. With the procedure outlined above,
given a chaotic system of the form (6) with dimen-
sion n, we can construct higher dimensional chaotic
systems of the same form. These systems will have
a chaotic attractor, which is qualitatively similar to
that of the lower dimensional model system. Hence,
from mathematical point of view, these systems will
not be more interesting than the original lower di-
mensional models. Our aim in this section is to show
the existence of chaotic systems of the form given
by (6) for arbitrary dimension, and the procedure
presented above provides one such system. Obvi-
ously, for the control scheme presented in Sec. 3,
any chaotic system which has the form (6) could be
used.
6. Simulation Results
As a simulation example, we consider a single link
robot arm with a flexible joint. Such a system con-
sists of a single robot arm (link) whose positioning
is controlled by a motor and the coupling between
the motor shaft and the link has some flexibility.
The equations of motion for such a system is given
by
q̈1 + sin q1 + (q1 − q2) = 0 , (31)
q̈2 − (q1 − q2) = u , (32)
where u is the control torque applied to the motor
shaft. For simplicity we assumed unit values for
various coefficients. For a detailed explanation of
the model and coefficients, see [Vidyasagar, 1993,
p. 435]. Assume that the link angle q1 is measur-
able, which is realistic. By using the coordinates
x1 = q1, x2 = q̇1, x3 = q2, x4 = q̇2, this system can
be rewritten as
ẋ1 = x2
ẋ2 = − sin x1 − (x1 − x3)
ẋ3 = x4
ẋ4 = x1 − x3 + u
y = x1
(33)




z3 = − sin x1 − (x1 − x3)
z4 = −x2 cos x2 − (x2 − x4)
(34)








γ(z) = sin z1(z
2
2 + cos z1 + 1)
− (z3 + sin z1)(2 + cos z1) . (36)
Note that the system given by (35) is in the form
given by (11) with β(z) = 1, γ(z) as given by
(36) and y = Ĉz with Ĉ = (1 0 0 0)T . Also note
that this transformation is globally invertible. For
the construction of this transformation and other
details, see [Vidyasagar, 1993, p. 437].
For our model chaotic system, we use the
system given by (23). By using the approach given
in previous section, and using (29) with α = 1, we
obtain a four dimensional chaotic system given by
(30) with
F (w) = −(b2 + 1)w4 − (b1 + b2)w3
− (b0 + b1 + 2w1)w2 − b0w1 − w
2
1 . (37)
Hence an appropriate control input for the system
(35) is
u = F (z) − γ(z) , (38)
where F and γ are given by (37) and (36),
respectively. Since only z1 is measurable, the con-
trol law given above is not computable by using
measurements. To estimate the states, we may use
an observer-based synchronization scheme as given
below
˙̂z1 = ẑ2 + k1(z1 − ẑ1)
˙̂z2 = ẑ3 + k2(z1 − ẑ1)
˙̂z3 = ẑ4 + k3(z1 − ẑ1)
˙̂z4 = γ(ẑ) + k4(z1 − ẑ1) + u
(39)
where k1, . . . , k4 are the gains to be determined. By
using the techniques presented in [Morgül & Solak,
1996, 1997], one can find appropriate gains so that
the error e = z − ẑ satisfies (17) provided that γ
is Lipschitz. Note that the existence of such gains
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Fig. 1. Simulation result for flexible beam: ideal case, (a) control input u (applied for t ≥ 100), (b) z1 versus z2, (c) z1 versus
z3, (d) z1 versus z4.
bounded, see Remark 1. In this case, the control
input is chosen as
u = F (ẑ) − γ(ẑ) , (40)
In the simulations we choose b0 = 1, b1 = 1.18,
b2 = 0.4, for which (23) exhibits chaotic behavior,
see [Genesio & Tesi, 1992; Morgül, 1999b]. For the
observer gains, we use k1 = 8, k2 = 24, k3 = 32,
k4 = 16. In this case the eigenvalues of Ac = Â−KĈ
are set to −2.
In the first set of simulations, we used (35) and
(39) together with the parameter set given above.
To see the effect of our control scheme, the control
input is applied for t ≥ 100. The resulting con-
trol input u is shown in Fig. 1(a). To exhibit the
chaotic behavior, z1 versus z2, z3 and z4 are shown
in Figs. 1(b)–1(d), respectively. These figures are
plotted for t ≥ 100.
In the second set of simulations, we considered
some nonidealities which may arise due to param-
eter mismatch and noise. In particular, to see the
effect of parameter mismatch, we used (1 + r2)γ(ẑ)
in (39) and u = (1 + r1)F (ẑ) − (1 + r2)γ(ẑ) in
(35) and (39); here r1 and r2 represents the un-
certainties in the chaotic model and the system
to be controlled, respectively. Moreover, to see the
effect of noise, we used z1 + n in (39) instead of z1;
here n is a noise signal distributed in the interval
[−m,m]. With the parameters given above, and
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Fig. 2. Simulation result for flexible beam: nonideal case, (a) control input u, (b) z1 versus z2, (c) z1 versus z3, (d) z1
versus z4.
the same equations with the modifications given
above. The results are shown in Fig. 2. Here, the
control input u is shown in Fig. 2(a), and z1 versus
z2, z3 and z4 are shown in Figs. 2(b)–2(d), respec-
tively. Note that the perturbations, especially the
noise level, is not low, nevertheless the system still
exhibits chaotic behavior.
7. Conclusion
In this paper, we considered a model-based ap-
proach to the anticontrol of some continuous-time
systems, where our aim was to generate chaotic
behavior in a given system by means of an appro-
priate control input. We assumed the existence of
a reference chaotic model in an appropriate form.
Then we determined an appropriate control input to
match the dynamics of the system to be controlled
with that of the model chaotic system. We proved
that: (i) any controllable linear time-invariant sys-
tem can be chaotized with an appropriate input,
(ii) this approach could be generalized to a class
of nonlinear systems. We proposed a simple proce-
dure to generate such chaotic models in arbitrary
dimension. We also considered the computability of
the required feedback law by using only the avail-
able signals. To estimate the states of the system to
be controlled, we proposed an observer-based syn-
chronization scheme. Under some mild conditions,
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and one can use the estimated states to compute the
feedback law. We also commented on the robustness
of the proposed scheme.
Note that the control inputs given by (9) or
(12) will remain bounded provided that the solu-
tions of (4) or (11) remain bounded. This condition
is satisfied in chaotic systems, since chaotic solu-
tions have a domain of attraction. However, other
than this boundedness, nothing can be claimed in
our approach on the bound of the control input,
e.g. we cannot claim that it could be made arbitrar-
ily small. The optimization of the control input is
not considered in our work. This topic has practical
importance which deserves further investigation.
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Morgül, Ö. [1999a] “Necessary condition for observer-
based chaos synchronization,” Phys. Rev. Lett. 82,
169–176.
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Morgül, Ö., Solak, E. & Akgül, M. [2002] “Observer
based chaotic message transmission,” Int. J. Bifur-
cation and Chaos 13, 1003–1017.
Ott, E., Grebogi, C. & Yorke, J. A. [1990] “Controlling
chaos,” Phys. Rev. Lett. 64, 1196–1199.
Schiff, S. J., Jerger, K., Duang, D. H., Chang, T., Spano,
M. L. & Ditto, W. L. [1994] “Controlling chaos in the
brain,” Nature 370, 615–620.
Shinbrot, T., Ott, E., Grebogi, C. & Yorke, J. A. [1990]
“Using chaos to direct trajectories to targets,” Phys.
Rev. Lett. 65, 3215–3218.
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